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Our	Results
Theorem	1.	There	is	an	algorithm	for	maximizing	a	monotone	submodular	
function	subject	to	one	covering	and	one	packing	constraint	that	outputs	for	
any	𝜀 > 0	in	𝑛C(E/G) time	a	4 - approximate	solution	with	profit	at	least		
1 − 𝜀 𝑃	and	with	weight	at	most	 1 + 𝜀 𝑊.	

Corollary.	There	is	a 2.6 - approximation	algorithm	for	k-median	problem	
with	non-uniform	and	hard	capacities	if	the	underlying	metric	space	has	
only	two	possible	distances.	
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Factor-revealing	LP
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State	of	the	Art
–One	Cardinality	Constraint

• Greedy	(𝟏 − 𝟏/𝐞) −	apx	[Nemhauser	et	al.	,	Math.	Program.’78]
• Hardness:	(𝟏 − 𝟏/𝐞)	[Nemhauser	et	al.	,	Math.	O.R.,	1978],	[Feige,	STOC’96]

–One	Packing	Constraint
• Greedy	(𝟏 − 𝟏/𝐞) −	apx	[Sviridenko,	O.R.	Lett.’04]

–𝑶(𝟏)	Packing	Constraints
•Multilinear	relaxation:	(𝟏	 − 	𝟏/𝐞	– 	𝐞) −	apx	[Kulik	et	al.	,	SODA’09]

–Matroid	Constraints
•Multilinear	relaxation:	𝟎. 𝟑𝟎𝟗	 −	apx	[Vondrák,	STOC’08],	[Calinescu	et	al.,	IPCO’07]

Greedy	Dynamic	Program
• Outputs	an	approximate	solution	which	is	best	of	all	possible	greedy	chains.	

Table	entry:	𝑇[𝑙, 𝑃′	,𝑊′] stores	𝑙-element	approximate	solution	with	profit	
𝑃′	and	weight	𝑊′
To	compute	𝑇[𝑙, 𝑃′	,𝑊′] pick	best	way	to	extend	an	entry	𝑇[𝑙 − 1, 𝑃′′	,𝑊′′] by	one	
element	in	a	feasible	manner
Output:	Best	entry	𝑇	[𝑙, 𝑃′,𝑊′]	with 𝑃� ≥ �

�
and	𝑊’ ≤ 𝑊.

Conclusion: We give the first greedy DP based approximation
algorithm that has a potential to handle complex constraints.

Some	more	results
Theorem	2.	There	is	an	algorithm	for	maximizing	a	monotone	submodular	
function	subject	to	one	covering	and	one	packing	constraint	that	outputs	for	
any	𝜀 > 0	in	𝑛C(E/G) time	a	e - approximate	solution	with	profit	at	least		
E
�
− 𝜀 𝑃	and	with	weight	at	most	 1 + 𝜀 𝑊.	

Future	Directions
• Extend	the	factor-revealing	LP	analysis	to	get	e-approximate	solution		
for	one	cardinality	constraint	and	one	covering	constraint.

• Apply	our	approach	to	other settings	where	the	greedy	works

Analysis
•𝑂 = {𝑒E, 𝑒�, … , 𝑒�}	.	Let 𝑂� = 𝑒E, 𝑒�, … , 𝑒� 	and
𝒈(𝒆𝒊) 	= 	𝒇(𝑶𝒊) − 𝒇(𝑶𝒊g𝟏)	(Incremental	gain	function)

•Lemma:	There	is	a	0	 ≤ 	𝑊′	 ≤ 	𝑊 and	a	P′	≥	0	
with	𝑃′	 + 𝑝(𝐹¢�) 	≥ 	𝑃	such	that

𝒇 𝑻 𝑷�,𝑾� ∪ 𝑭𝑾� ≥ 	 𝟏
𝟒
𝒇 𝑶

Proof	idea:
Keep	adding	elements	from	𝑶\𝑭𝑾� inductively	to	current	solution	𝑇 𝑃�,𝑊� and	
to	the	𝑙-subset 𝑂𝑙 = 	 {𝑒E, … , 𝑒©} 	⊆ 𝑂 until	𝑓 𝑇 𝑃�,𝑊� ∪ 𝑒 	− 𝑓 𝑇 𝑃�,𝑊� ≥
E
�
𝑔(𝑒).	If	no	such	element	exists,	then,	𝑓 𝑇 𝑃�,𝑊� ≥ E

�
𝑔(𝑂\(𝐹¢�∪ 	𝑂𝑙)) and

𝑓 𝑇 𝑃�,𝑊� ≥ E
�
𝑔(𝑂𝑙).

Repeating	the	same	reasoning	with	elements	in	𝑂 ∩ 𝐹¢® proves	the	lemma.
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Forbidden	Sets
Crucial	to	reduce	the	profit	violation	from	2 + 𝜀 down	to 1 + 𝜀.
Works	for	one	covering	and	one	packing	constraint.
Idea:	For	each	𝑇	[𝑃′,𝑊′],	forbid	the	suffix	set	𝐹¢�	of	ordered	set	by	non-increasing	
±(²)
³(²)

such	that	p(𝑇	 𝑃�,𝑊� ∪ 𝐹¢�) 	≥ 𝑃 and	w(𝑇	 𝑃�,𝑊� ∪ 𝐹¢�) 	≤ 𝑊.

Submodular	Function
A	set	function	𝑓: 2𝒰 → ℝv	on	all	subsets	of	a	ground	set	𝒰
such	that	∀𝐴 ⊆ 𝐵 ⊆ 𝒰, 𝑒 ∈ 𝒰\B,	

𝒇 𝑨 ∪ 𝒆 − 𝒇 𝑨 ≥ 𝒇 𝑩 ∪ 𝒆 − 𝒇(𝑩)

Monotone:		𝒇(𝑩) ≥ 𝒇(𝑨)
				𝑒 𝓤

													𝐵𝐴

Motivation	&	Problem	Definition

We	are	given	a	profit	function	𝑝:𝒰 → ℕ,	a	weight	function 𝑤:𝒰 → ℕ ,	a	
profit	requirement	𝑃 and	a	budget	𝐵.

Goal:	𝑚𝑎𝑥	𝒇(𝑨) over	all	𝐴 ⊆ 𝒰 such	that
𝑝(𝐴) ≥ 𝑃	and	𝑤(𝐴) ≤ 𝑊	

Feasibility	NP-Hard	
(Subset-Sum	Problem)
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